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Abstract. Bringmann, Mahlburg, and Rhoades have found asymptotic expressions for all moments of 
the partition statistics rank and crank. In this work we extend their methods to higher ranks. The 
T-rank, introduced by Garvan, for odd integers T = 3 is a natural generalization of the rank (T = 3) 
and crank {T — 1). 



1. Introduction and Statement of Results 

In the theory of integer partitions the partition statistics "rank" (defined by Dyson) and "crank" (defined 
by Andrews and Garvan) play a fundamental role. 

The rank was first introduced by Dyson [Dys44| in the attempt to explain the Ramanujan congruences 
for the partition function from a combinatorial point of view. 

p{5n + 4) = (mod 5), 
p{7n + 5) = (mod 7), 
p(lln + 6) = (mod 11). 

Indeed, Atkin and Swinnerton-Dyer |ASD54| proved that the rank explains the first two congruences. 
Dyson already observed that the third congruence could not be explained by the rank, which led him 
to speculate about the existence of a different partition statistic, which he termed the "crank", which 
would explain all three congruences. This statistic was later found by Andrews and Garvan [ AG88] . 

While the combinatorial definitions of the rank and the crank are very different and do not allow for 
an immediate generalization, Garvan |Gar94) found a generalization by looking at generating functions. 
For an odd positive integer T, he defined the numbers Nxim^n) by the following series 



E 

n=0 



oo 



AT(m, n)g" = ^(_i)«-igf (rn-i)+IH«(i _ 

(9)00 



where the g-Pochhammer symbol is defined by (x; q)n '■= nfc=i(-'- ~ xq^). Then, Ni{m, n) is the number 
of partitions of n having crank m and N^{m, n) is the number of partitions of n having rank m. Although 
Nt is not the counting function for a partition statistic in a strict sense, Garvan |Gar94j also found 
combinatorial interpretations of the numbers Ar(m,n). 

The rank and crank received renewed interest only recently when Atkin and Garvan [AG03] defined 
rank and crank moments and Andrews |And08] discovered a combinatorial meaning of these moments. 

We now define moments not only for the rank and crank but also for the T-ranks introduced by 
Garvan. For a positive odd integer T and a positive integer r we define 

n 

m^(n) := m^NT{m,n). 
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Andrews [AndOSj related his smallest parts function to rank and crank moments. More precisely, if 
we let spt(n) denote the total number of smallest parts counted in all partitions of n, then 

spt(n) = ^ (m?(n) - . 

In jGarlOJ Garvan raised the question whether m\{n) > 7713(71) holds for all positive even integers 
r. In [BM09], Bringmann and Mahlburg realized that one could prove Garvan's conjecture (for n large 
enough), if one knew precise asymptotics of mi(n) and 777,3(71). Indeed, Bringmann and Mahlburg found 
such asymptotic expressions for 777,^(77) and 7773(77) and were able to prove that Garvan's conjecture holds 
in the cases r = 2, 4 for sufficiently large 77 large. After that, Bringmann, Mahlburg, and Rhoades in 
[BMRllj succeeded in proving asymptotics for all even r, thus settling Garvan's conjecture in the limit 
case. In |Garll| . Garvan proved his conjecture for all 77 and r by finding a combinatorial interpretation 
of the difference of the rank and crank moments in terms of higher spt-functions. 

In this work, we will address the same questions for the moments of higher rank functions Nt- This 
means that our first goal is to derive asymptotic formulas for the moments of the T-ranks. Our second 
objective is to prove an analogue of Garvan's conjecture. 

This research was part of the authors PhD thesis |Wall2| . At first, this was not motivated mainly 
by combinatorics but rather aimed at developing further the methods in the context of automorphic 
forms, which are used to derive the asymptotic formulas. However, after this work was finished, also 
a combinatorial interpretation of moments of higher ranks was found by Dixit and Yee |DY12j . Their 
interpretation gives Garvan's conjecture in the general case. Furthermore, our main theorem can be 
used to find asymptotic formulas for their " generalized higher spt-functions" . 

We now briefly outline our approach behind finding the asymptotic formulas for 777^(77). The general 
idea is to apply the Circle Method to the generating function 

00 00 n 

M^{q) := ^7775.(77)9" = ^ Yl "i"^T(m,77)g". 

n=0 n=Om=—n 

The philosophy of the Circle Method is as follows. The generating function M^(q) defines a holomorphic 
function on the unit circle |(?| < 1 with singularities at the boundary. If one is able to find nice enough 
expressions for the shape of these singularities in the neighborhood of all roots of unity, one can use 
Cauchy's integral formula to determine asymptotic expressions for mJp{n). 

The proof in |BMRllj relies on the Circle Method combined with complicated recurrence relations for 
the rank and the crank. As a consequence, this approach can not be applied to the case of higher ranks. 
However, in |BMR12] . Bringmann, Mahlburg, and Rhoades, using a new approach, improved upon their 
previous work and found asymptotic formulas for all rank and crank moments with error terms which 
are as small as one could hope for by using the Circle Method. The idea behind their new approach 
is the insight that it is easier to not study the generating functions M^(g) individually, but rather a 
two-variable generating function involving M^{q) for all r at the same time. In fact, it turns out that 
there is a two-variable function A4r(ii, 9) whose Taylor coefficients turn out to be M^(q). Moreover, 
this generating function is a Jacobi form in the crank case (i.e. T = 1) and a mock Jacobi form in the 
rank case (i.e. T = 3). Now the idea is simple: One determines explicit transformation formulas for the 
(mock) Jacobi forms, uses an asymptotic Taylor expansion to obtain asymptotic formulas for M^(q) for 
all r in the neighborhood of roots of unity and then applies the Circle Method. 

The generalization of this idea to the higher ranks case, however, is not straightforward but some 
complications occur. Indeed, for T = 1 the function Aii(u,q) is easily seen to be a Jacobi form. For 
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T = 3, we only obtain a mock Jacobi form Q. As a consequence the determination of the explicit 
transformation laws becomes a rather technical issue. For T > 3 we have to deal with even more 
complicated expressions. Luckily, this turns out to be challenging only from a notational point of view. 
However, a more serious issue arises for T > 3. While for T = 1 we obtain a Jacobi form, for T > 1 
we no longer have true but only mock Jacobi transformation laws. The obstruction to modularity in 
the case T = 3, however, turns out to not affect the asymptotic behavior of M^{q) at roots of unity 
significantly. For T > 3 this is no longer true and we have to take into account also the contribution 
from the obstruction to modularity. 

To state our main theorems, we need to introduce some notation. For positive integers o, b, c, we 
define the constants K{a, b, c) and k* (a, b, c) as in equation ([9]) and (fTOj) on page [H Furthermore, we let 
K].{n) and K„^p^^}^{n) denote the Kloosterman sums in equation ([38]) on page [Ml and in equation ([39[) 
on page [25j We write / for the modified Bessel function and define X to be an integral over a modified 
Bessel function as in equation ([37p on page [22l Finally, the notation ( )+ means that we only include 
the expression if the value in the parenthesis is bigger than 0, and regard it as else. Now our main 
theorem reads as follows: 

Theorem A. Let T < 24 be an odd integer and r an even integer. Then, we have 



mJT{n) = 27: ^ ^ ^(a, 6, c)(fcrr (24n - l)-4 + 2-,_3^^^2c V^sF 

fc<^ 2a+2b+2c=r 

T-l T-1 — — 1 

+ 2-1: E E E ^^^^ 5] .*(a,6,c)^^-irMa^+l(2n. ^ 



2 4 
12> 



a\T t=-^ e=-^ 0<fc<v^ 1=0 2a+{2b+l)+c=r 

3 a-\-c 

1 ^2 /' 2 , T2 I „|^\\ 4 2 T- /'„ 1 
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Here, Er^Tin) is an error term. If r = 2, then the error term has the magnitude Ot (nlogn), whereas 
it is of order Oj.^t {n''~^^ if r > 2. 

Theorem A is a direct generalization of |BMR12 ]. Their theorem states that 

m^An) = 2n ^ ^ ^(a, 6, c)(A;rr (24n - l)-t+t+^/_3+„^,, (^^) + O (n-^) 

k<y^. 2a+2b+2c=r 

for T = 1 and T = 3. Indeed, the additional summand in Theorem A will only occur for T > 3 and 
comes from the fact that we cannot neglect the term coming from the obstruction to modularity. 

In the statement of Theorem A we observe the occurrence of modified Bessel functions with different 
indices. This accounts to the fact that the moment generating functions M^{q) exhibit a transformation 
behavior with mixed weights (in fact the weights range from — ^ to r — ^). Indeed, the error terms of 
Theorem A are best possible which one can obtain with the Circle Method. This occurs because the 
Circle Method cannot detect holomorphic modular forms of positive weight. The size of the error terms 
in Theorem A are just as big as the coefficients of holomorphic Eisenstein series of the weights occurring 
in the transformation behavior of the moment generating functions. 

From Theorem A we deduce our second main theorem and an analogue of Garvan's conjecture. 



^We do not give formal definitions for Jacobi forms or mock Jacobi forms, as we will need no results from a general 
theory, but only require the transformation laws. For an account on the theory of Jacobi forms we refer to |EZ85| . Mock 
Jacobi forms are a relatively new object of study. For further information the reader may consult [BR 10] . [Zwe02] . and 
[ZijlO] . 
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Theorem B. Let T <2A he an odd integer and r an even integer. Then, as n ^ oo, we have 



(n) ~ 2V3{-l)^Br (5) (24n)3-ie^V '3"^ 



where Br (•) is a Bernoulli polynomial. Furthermore, 

r! 



m^_2(n) - m5.(n) ~ ^^-ll-^ (-1)^2+^ Br -2 (^) (24n)5-ie"^. 
In particular, m^^gl'^) > mTp{n) for all sufficiently large n. 

2. Preliminaries and Notation 

We first recall transformation formulas of the r]- and ^-function and provide transformation laws 
for Appell-Lerch sums and their completions found by Zwegers [Zwe02j . Furthermore, we set up the 
notation for the rest of this paper. 

2.1. Transformation laws. Throughout this work, z denotes a complex number satisfying Re {z) > 
and we set q := e~^'^^. 

We define the Dedekind r/-function by 

00 

ri{iz) :=q^ 

n=l 

If h, k are coprime positive integers then 

V{l{h + iz)) = {h, [-h]k, k) rj (i {[-h], + i)) , 

where 

(^) e-^eii(-/3[-^].(i-fc^)+fc(^-[-/^].)) if k is odd, 
e-x (^) e§(^Ki-[-^]|)-[-/^].{/?-fc+3)) if ^ ig odd. 

Here and in the following, [-J^ denotes the inverse modulo k and /3 is defined by —h[—h]k — jik = 1. 
Next, we consider the classical Jacobi theta function, which, for v G C, is defined by 

e{v]iz) := ^ ^-^y^z+2-.iu{v+\)^ 

For 9(v;iz) there is a well-known product expansion: 

00 

(1) e{v; iz) = -ie-^e-^'" JJ (l " e^^™^) (l - e^^^e'^'^^"-^)^) (l - e-2'^^"e-2^"^) . 

71=1 

The Jacobi theta function satisfies elliptic and modular transformation properties. To state these 
precisely, let h, k be coprime integers. Then, for any n € Z, we have 

e{v + 1; iz) = -e{v; iz), e{-v; iz) = -e{v; iz), e{v + niz; iz) = (-l)"e^'^'^-27rmt;^(^. -^y 
Furthermore, we have 



Xih, [-h]k,k) :-- 



9 [v; \{h + iz)) = ^^^x\h, [-h],, k)e- — e (f ; \ {\-h], + f )) . 
Following Zwegers [Zwe02j . for u, u E C and u ^'L + izTL, we define the function 

/ 1 \n —n{n'^+n)z+2TTinv 

(2) A(u, v; iz) := e™ V ^ / „ . 

^ ' V ' J / / > "i Q—2TTnz+2-iTiu 
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and for ti, G C \ (Z + izZ), we define 

_A{u,V;iz)_ e™ f_l^n^-n{n^+n)z+2ninv 

The /i-function itself does not transform as a modular form. Zwegers discovered that one can complete 
^ to a function /I having nice transformation properties. To define this completion requires the following 
non-holomorphic function: 



(4) R{w;iz) := ^ (^sgn(z^) - (^y2fcr(i^ (^zv + 



Im(iz) 



TTU^z —2-Kiuw 

e e 



where E{z) := 2 e ^^^du. Following Zwegers, we define 

(5) v; iz) := /u(n, v; iz) + |i?(n — v\ iz). 

Lemma 2.1 ( [Zwe02] Theorem 1.11). Let u,v £ C \ (Z + iz'Z). If h,k are coprime integers, and 
m,m' ,n,n' G Z, then we have: 

a) Jl{u + miz + n,V + m'iz + n'; iz) = (_l)"^+n+m'+n'g-7rz(m-m')2+27ri(m-m')(«-t>)^(^^ y. 

b) Jl{-iuz, -ivz; l{h + iz)) = {h, [-h]k, k) Jle-^Mu-v?^ (^^ ^. i + i)) _ 



The function R itself also satisfies some transformation formulas. In order to be able to state these, 
we introduce the Mordell integral for t/; S C as 



(6) H{w;z):= / dx. 

cosh TTX 

Lemma 2.2 ( |Zwe02j Propositions 1.9 and 1.10). For any w G C we have 

a) R{w + 1; iz) = —R{w, iz), 
h) R{w; iz + 1) = e 4 R[w; iz), 

c) R{wM = -^^e^ (^(T;i)-^(f;f))- 

Furthermore, in |BF11| the following dissection property is proved: 

d) R {w; H) = ^2^1=0 e^('"'^)'^e-2-0- V)K5)i? (nvu + (/ - ^^)iz + ^;niz) . 

Finally, in recent unpublished work [ZwelOj . for u,v G C and u ^ izZ + Z Zwegers introduced a new 
function At by 

f ■t\Tn p—iTTn{n+l)z p2TTinv 

(7) Ar{u,v■,^z) := ^ ^ \ J • 

As observed by Zwegers, this function is related to the functions discussed before in the following way: 



Lemma 2.3. The function At satisfies the following properties: 

a) At{u, v; iz) = Y^Jjo e^™*Ai (Tu, v + tiz + ^;Tiz) . 

b) Ai(n, v; iz) = 6{v; iz)fi{u, v; iz) = A{u, v; iz). 
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2.2. Notation. We will now introduce the notation that we use for the rest of this paper. Since we 
(eventually) want to apply the Circle Method, we will be interested in transformations where we replace 
q = e~'^'^^ by e~(^+*^)j for z £ C with Re (z) > 0, for k being a positive integer, and < h < k with 
h coprime to k. We will also assume that \z\ < 1. Instead of repeating these conditions, we will briefly 
write that "/i, k and z satisfy the usual conditions" . 

For a fixed odd integer T, we write a := {T,k) and y := -^^^y- We denote by p the function 

yO : Z — > { — , . . . , } which assigns to every integer its residue class modulo T with smallest 
absolute value. 

In the course of proving transformation formulas, we will encounter several expressions which are 
roots of unity, and which occur as a result of the roots of unity appearing in the transformation laws of 
ri,d and /x. For odd integers T, — <t< and h, k coprime, we set 

U0{T,t,h,k) := (-1) T ^ " e ^ ^ '^e , 

U^{T,t,h,k) := x~\K[-h\k,k){-lf^-P^'^^e ^l^^ J e^^, 
and define Uq{T, t, h, k) by 

' -2x3 (yh, [-y/i]^, f) UeiT,t,h,k)e^''^'^''h sin (-g (l +yh[-yh]^)) \i p{yht) = 0, 

■ 3/^ I. r u^ fe^^r/^. J. 7^ Aik^i-y^^k-{^\-yh]k-4^{l+yh[-yh]u))) .„ , , , ^ 
\yh,[-yh]k,'^\Ue{T,t,h,k)e ^ \ a ■^JJJ li p{yht) > 0, 



y iX=^(y/i,[-y/i]|,|jt/e(T,t,/i,/c)e ■ V ' -^V- ■ '^JJJ ■dp{yht)<0. 

Furthermore, for < Z < — 1 we set 

Note that \aT,t{l,k)\ < \. Moreover, we define 

Uh{T, t, I, h, k) := ,-^-^^_^yn^^^^-^^tH-,itH)^^^^^ 
and 

(8) Ut,{T, t, I, h, k) := ^-^^^^,Un (t, l,yh^ ^) e-^-.*0'^)e?ie^ , 

X{h,[-h\k,k) \ / 

Finally, we require the following constants 

/ , X (2(a + 6 + c))! (-lY^" „ 

for a, 6, c G Nq and K(a, 6, c) =0 otherwise. Here denotes the 2c-th Bernoulli polynomial. 

*( h \ (2a. + (26 + l) + c)! (-1)"+^+! 
^' •= a!(26 + l)!c! ;r«22a+26+i 

for a, 6, c G Nq and K*(a, 6, c) = otherwise. 

One easily shows that these numbers appear as Taylor coefficients in the Taylor expansions 

^ sm(7r^) _ ^ ^ i_„_2c(2^ 
sinh(^) ^ Ma,&,c)i. z ^, 
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and 

sm(7rii)e ^ e z = > « > k [a,b,c)z v A ^ ^| , 

r=0 2a+(2fe+l)+c=r 

3. Relation of Moments to Taylor Coefficients of an Appell-Lerch Sum 
We now introduce a two-variable generating function for the numbers Nx{m,n): 

oo 

MT{x,q) =Y,Y1 NT{m,n)x"'q''. 

n=0 meZ 

In |Gar94j . Garvan has given several descriptions involving this generating function. In fact, the formula 
in the next lemma follows easily from three expressions for AiTix,q) given by Garvan in formula 4.3 
and 4.5 of [Gar94]. 

Lemma 3.1. We have 

A priori, this result holds as a statement about formal power series. To see the connection with the 
moment generating functions M^{q), we now no longer view x as a formal variable but set x := e^'^*" 
for n S C. Then we find the following Taylor expansion 



n=0 meZ r=0 r=0 



Looking at Lemma |3.H we see that in the expression for Mt{x, q), the x-variable only occurs in the 
first summand and not in the second one. Thus except from the 0-th moment, the second summand 
does not affect the moment-generating functions for higher moments. As we are interested only in the 
higher moment^^e will can equivalently work with the function A^t defined by 

1 _ 2™ f (Tn+1) 

(11) ^T{u,q) :=^-^E(-ir i _e2..»,. 

for u,q gC with l^l < 1. Then, summarizing the discussion above, we conclude the following: 

Proposition 3.2. Let r > 0. In the Taylor expansion of Mxiu^q) at u = the coefficient of is 
equal to the r-th moment generating function 

oo 

Mf((?) = E"^TW- 

n=0 

Proof. In fact our reasoning above is only valid if the representation ([TT]) converges. Indeed, it does 
not converge for all n S C. However, it suffices to know that MT{u,q) is defined in a neighborhood of 
M = 0. This is immediate from the following relation between and Zwegers' function A^. 

f 1 _ g27rm\ ^ 

MT{u,q) = ^ e-""^AT (u,-^iz-iz) . 

r]{iz) ^ ^ ' 

□ 



^The behavior for the 0-th moment can be treated with classical methods, as Garvan |Gar94| shows that it is the number 
of partitions where the parts satisfy certain congruence conditions. 
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It will turn out to be easier not to work with A4t{u,q) directly, but to replace the higher level 
Appell-Lerch sum At by a sum of simpler Appell-Lerch sums using Lemma l2. 31 We have 



T-l 
2 



MT{u,q)= ^ CT,t{u,q), 

where 



2 



1 



2i sin(7rn)(7 24 , . , 

CTt{u,q) := e^^'^'^kiTu^tiz-Tiz) . 

r][iz) 

We express the functions Ct,* in yet another way, which already indicates that the behavior is rather 
different depending on whether t = or t 7^ 0. 

Proposition 3.3. We have 



1 



CT,t{u,q) = j—^ e 0[tiz;Tiz)fi[Tu,tiz;Tiz) ana CT,o{U,q) — 



ri{iz) ' r]{iz)0{Tu;Tiz) 

Proof. The first statement is clear by the definition of fi (see equation ^ in the preliminaries). The 
second statement can be deduced from the following identity in Ramanujans Lost Notebook (see on 
page 264 of |AB05j 1 



n - — = (1 - e^™) 

n=l ^ ^ ^ > neZ 



n\2 n(n+l)/2 



e 



2Triu„n ' 



and the product formula of the Jacobi theta function. □ 

4. Transformation laws for the functions Ct,* 

Our next task is to work out transformation laws for Ct,*. Our treatment here parallels the approach 
in |BMR12| . In our case there does not occur any new difficulty, only the exposition gets more involved. 
For that reason we omit a full proof and only briefly indicate how one obtains the transformation laws. 
A detailed analysis is given in the authors PhD thesis |Wall2j . 

For t = we deduce the transformation law for CT,t directly from those for r] and 9. 

Proposition 4.1. Let T > be an odd integer and suppose that h, k, and z satisfy the usual conditions. 
Then, we have 



Ct,o iu,e 



'■-(h+iz) 



2 [i sin(^^.)e^ei5^('^+-) (^([-T/^]^ + 7?) 



T V z x{h, [-h]k,k)rj {li[-h]k + f )) f^{[-yh]^ + ^)) 

For t 7^ the transformation behavior of 



1 



CTt{u,q) = - e"g(tiz; Tiz)^{Tu, tiz; Tiz) 

r][iz) 

is no longer that of a Jacobi form but rather of a mock Jacobi form because of the appearance of the 
/i-function. As the transformation law of the theta function is well-known we only have to find that of 
the //-function. 

To determine the the transformation law for the /x- function we argue as in |BMR12] . First we write 
(12) {u, ^{h + iz)]\{h + iz)) = [u, ^{h + iz); l{h + iz)) - {u - ^{h + iz); i(/i + iz)) . 
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To the functions on the right hand side of ()12p . we can apply the transformation properties as stated 
in the prehminaries. However, in the transformation laws for both summands there will also occur 
non-holomorphic terms involving the ii-function. On the other hand, we know that is a holomorphic 
function. This implies that the non-holomorphic terms appearing in the transformation laws of both 
summands in ()12p have to cancel. The main technical issue is now to identify these non-holomorphic 
terms and prove that they indeed cancel. To achieve this, one has make further use of the transformation 
laws for R and /l in order to obtain non-holomorphic parts of a similar shape. Indeed, one proves that 



R{u-^{h + zz);l{h + iz)) =^^^e ^ 
k-l 

X 

/=0 



X: Uh{T, t, I, h, fc) (i? (Hi - 4^ - arAl, A;); ^) - ^ (f - ^ - aT,(/, k); ^ 



and 



Jl{u,^ih + iz);Uh + iz)) = J^e^ r T, ) T2fe- 



,2„ 



X U^T, t, h, k)fl (f , ^ {[~h]k + f ) - 5^ (1 + h[~h]k) ; i {[-h]k + f )) . 

Now, in both equations there occur non-holomorphic parts coming from the i?-function (in the second 
equation these come from the definition of p.) . Now we can employ the same argument as in [BMR12] in- 
volving the Fourier- Whittaker expansion of the ii- functions in order to prove that these non-holomorphic 
terms cancel in (112p . Working this out, we obtain a transformation formula for fi (u, ^iz; iz^ and use it 
to find the following transformation law for CT,t- 

Proposition 4.2. Let T > be an odd integer and suppose that h, k, and z satisfy the usual conditions. 
For t ^ 0, we have 

/ 2^i,, 2isin('7rn)ei^'^^"*'*^) ^ r— ^k(rj, p(tyh) \'^ t^^^ 

CT,{u,e^('^-^)= ^^^^ e{j:{h + ^z)■ ^{h + ^z)) ^^e^- i^" ^'^i - 

U, {T,t,yh, I) /. (^, ^{[-yh], + ^) - ^(1 + yhi-yhU); f ([-y/^], + 

^-1 \ 



V T 1=0 



J 



5. Asymptotic Expansions for the Moment Generating Functions M^{q) 
By Proposition 13.21 we know that, for r > 0, the r-th Taylor coefficient in the Taylor expansion of 



T-l 
2 



(13) AlT(n,e^('^+-)) = ^ Cr^t {u,e'^^^+'^^ 
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at n = is equal to (^e¥(''+^^)) . If we now apply the transformation properties of Proposition 14.11 
and Proposition 14.21 to the functions appearing on the right hand side of (jl3p we obtain 



(14) Mt (n, e¥('^+-)) = Ct,o {u, e¥('^+-)) + ^ (c^^^ (u, e¥('^+-)) + C|f, (u, e 



T-l 
2 

k 



(h+iz) 



^ 2 



where Ct,o, C!^^ and C^^ are defined by 



(15) CT,o(u,e-^^^''>) :=—J-e— 



'-(h+iz)^ ^ ^i'" T sin(7rn)ei2fc 



yz ' yk \^ I ' yz 

(16) 

( 2,ri/,,-N\ /~F2i sin(7rn)ei57j('*+*^) ^ iLifTu- — 



U, e— ('^+'^) := - W . . e I /i + ; | /i + iz)) e^^ ' 



yz r]{\{h + iz)) 

X u, {T,t,yh, I) ^ ([-y/.], + ^) - ^ ( 1 +TM-y^].) ; f ( hy/^]. + ^ 



and 



(17) 



/ 27^i|f^,■^\ 1 /7sin(7rn)ei2'=^'*^*^-* ^ , . , -t.,, ,x ^(tu- 



" Ti 



X 

1=0 



y'-^kz 



Now, in order to find an expression for My ('^+*^) j , we will have to determine Taylor expansions 

of these three expressions with respect to u. As this will give very messy formulas and since we are only 
interested in asymptotic expressions anyways we content ourself with asymptotic Taylor expansions. By 
this we mean that in the Taylor expansion with respect to u we split the Taylor coefficients (which will 
be functions in z) into a main part and an error part. 

As in |BMR12] . the contributions coming from Cxfl and can be jointly expressed in a nice way. 

In [BMR12] there was no need to consider the contribution from explicitly, as it was part of the 
error term. In the case T > 3, we can no longer neglect these contributions and have to determine an 
asymptotic Taylor expansion, as well. 



5.1. The contribution from Cxfi and Cqp^- In order to derive asymptotic Taylor expansions for Cxfi 
and Ct^i, we have to first find asymptotic Taylor expansions for the ^-function and the /i- function 
appearing in (fT5|) and (fT6]) . respectively. For that purpose we first use that the ^-function is the 
quotient of A and a ^-function. To find asymptotic Taylor expansions and A we consider their series 
representations, identify the main parts and bound the other summands into the error term. Working 
this out is rather straightforward but involves a few lengthy computations. We omit the proof and refer 
Section 2 of Part B of the author's PhD thesis |Wall2| for a more detailed analysis. 
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Suppose that T > is and odd integer and suppose h, k, and z satisfy the usual conditions. Further- 
more, assume that Re(i) > |. Then, 



' (^^ - ('-""^ ^ *))" ^ ' ....(^) - u g--W^. 

where Cr^T,h,k '■ — ^ C are functions which satisfy \cr^T,h,k{z)\ '^r,T \z\^~'''e 4y^^^^ 
Similarly, we may decompose the Appell-Lerch sum 

(18) A (f:, ^ ([-yh^ + ^) - i (i +TM-y/^]^) ; f ([-t^]^ + ^ 

as 

^ oo 
^— Y + 2^ Cr,T,t,h,k{zV—^ 

2sinh(2^) 7^0 



yz 



2-7! 



with certain functions Cr^t,h,k,T '■ — ^ C that satisfy |cr,t,h,fc,r(-2)| ^r,T |-2|~'"e y^^'^ ^ 

In order to write down an asymptotic Taylor expansion for Cxfl and C^^ it remains to combine the 
asymptotic Taylor expansion above with the asymptotic behavior of the r/- and ^-functions appearing 
in (jl5p and (jl6p . Doing so, we obtain the following two propositions. 

Proposition 5.1. Let T > be an odd integer and suppose that h, k, and z satisfy the usual conditions. 
Furthermore, assume that Re (i) > |. Then, 



( ■2^Uh^iy-\\ i 2±u£t sin(7rn)ei2fc('*+*^)e i2fc([ ^Ifc+z) 
^ ^ yVz sinh(^)x A;) ^ 



r=0 



with functions Cr^T,h,k '■ — t- C which satisfy 



\c2,T,o,hM^)\ -^T \z\ 26 12; "u; |Cr.,r,0,fc,fc(-z)l <r,T A;2|z|2 ''e 

Proposition 5.2. Zei T > be an odd integer and suppose that h, k, and z satisfy the usual conditions. 
Furthermore, assume that Re(i) > |. For any t ^ 0, we find that 

■ ^ ,inh[l^)xih,[-h]k,k) ^ 
where Cr^T,t,h,k '■ C are functions that satisfy 



r 



3 2m3„n\f T-\p{tyh)\ 1 
fc "-^Iz/IV 7^ 24 



anrf, /or r > 2, 



\Cr,T,t,h,k{z)\ <.r,T k2\z\2 " 



We see that the main terms of the asymptotic expressions in Proposition 15.11 and Proposition 15.21 are 
very similar, and that it might be possible to combine all contributions in ()14p coming from Ct,o and 
Cj.^ into one single formula. In fact, this reduces to evaluate the sum 
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Using the definition of the /o-function, it is easy to deduce that this expression is always (i.e. indepen- 
dently of k) equal to to ~^if!rj- Furthermore, the error terms in Proposition 15.11 and Proposition 15.21 

are also of a similar shape. Indeed, using the fact that Jp- > ^ and > we easily arrive at 

the following result. 

Proposition 5.3. Let T > be an odd integer and suppose that h, k, and z satisfy the usual conditions. 
Furthermore, assume that Re (i) > |. Then, we have 



2 



2 

where Cr^T,h,k ■ jHI C are functions that satisfy 

\c2,T,h,k{^j\ <.T \z\ 2e fc^'^UAr 24) and \Cr,T,h,k{zj\ <.r,T k2\z\2 ^e fc^'-UAr 2a). 

The main term may he rewritten as 

oo 



ie^^^-^^^>''^X'^ih,[-h]k,k)e-^y'~-^)Y^ ^ ^(a, 6, c)(A:T)' 

r=0 2a+2fe+2c=r 

5.2. The contribution from C|^^. In order to obtain an asymptotic Taylor expansion of ()17p we will 
rewrite this expression first. Grouping all terms that depend on u, we can write (|17p as follows: 



(19) ii 

/=0 



We can now find the Taylor expansion with respect to u by simply moving all the functions depending 
on u into the defining integral of the Mordell-integral H, computing the Taylor expansion inside the 
integral and interchanging summation and integration (which needs to and can be justified). In order 
to state our result, we define 



(20) nc,T{a,j,g,k;z) := [ {x + igf 

Jr 



g 7^ kz 

cosh(7r(x + ig)) 



dx. 



Lemma 5.4. Let T > be an odd integer. Further suppose that a,'y,g£'Q and that k and z satisfy 
the usual conditions. Then, we have the following Taylor expansion at u = 0: 

sin(vrn)e^e H - - a; ^) 

„ 2 OO 



^-^+2..,a^ ^ (iK*(a,6,c)z— (feT)^(f) n.,T{a,^,g,k;z 

r=0 2a+(2fe+l)+c=r 
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Combining Lemma 15.41 (with parameters 7 = y, a = aT,t (j-, > Q = ^i^h (|19p . we obtain 

that C|fj (^ii,e^(''+*^)) is equal to 

ky 

IT „^ih+iz) 

_ 1 

CxO 

r-=0 2a+{2h+l)+c=r 

Now we can determine the asymptotic Taylor expansion of (|17p . 

Proposition 5.5. Let T > be an odd integer and suppose that h, k, and z satisfy the usual conditions. 
Suppose that Re (^) > ^. Let c and r be positive integers with c < r and t ^ 0. Then, 

C£,(n,e^(^+-)) =y-iy|e-^^e-^0''(*^'^)l' + '?-|^(*^")l^) + ^ UUT,t,l,h,k) 

1=0 

00 



X 



K*{a,b,c)z-h---^{kT)'(^) n.^^(aT,t(l,!^),y,^,k;z'^^^ 



r=0 2a+{2b+l)+c=r 



r! 



00 



{2Triuy 



r=0 

where Cr^T,t,h,k '■ — ^ C are functions that satisfy 

\c2,T,t,h,k{z)\ ■^r,T k^z\~^e~^^^~^^^^^^') and \cr,T,t,h,k{^)\ '^r,T k^\z\~^^^e~^^^~^^^^(^\ 

Proof. First, we investigate the asymptotic behavior of the quotient of the ^-function and 77- function 
in (|2ip . In order to do that, we apply the transformation formulas for r] and 6 and then consider the 
defining series of the T/-function and ^-function. We extract the leading term and bound the other terms 
into an error part. This yields that 

e{j:{h + izy,^{h + iz)) 

Vilih + iz)) 

is equal to 

VT X{h,[-h]k,k) V 

Now the main part is easily read off and it remains to bound the error term. Taking absolute values, 
we see that the error term \cr^T,t,h,k{z)\ is essentially bounded by 

T / ; \ n -pityh) / , ky 



Y {iK*{a,b,c)z-''-%kT)» {^yn,,T {aT,t (l,^) ,7,^, A:;, 

2a+{2b+l)+c=r 
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Introducing a uniform bound for k* in r and estimating all constants, we see that 



ky 



\Cr,T,t,h,k{^)\ «,,Te-f(^-^)^<'(i) Yl J2 I'^-'T («T,i {l,^ 

2a+{2b+l)+c=r 



pityh) 



1=0 



Now, we observe that 



ky 



J2 \'Hc,T{aT,t (Z,^),y,^,fc;z) 



1=0 

Using the fact that 



< k max 

c<r,l<k 



n,,T{aT,t{l,^),y/-^,k-z 



aT,t ( I, ^ 



< ^ and 



pjtyh) 

T 



< |, one shows that 



This yields 

KT,tMz)\ «r,T e-f Yl fc^+^kr^-"-^. 

2a+{2b+l)+c=r 

We distinguish two cases. If r = 2, then we have that a = b = and c = 1. Then we obtain 

\c2,t,T,h,k[^)\ <^r,T k2\z\ 2e fcUT i2j«-^U;. 

If r > 2, we bound k'^ by We also see that Izl^"^"^ < 



□ 



5.3. Asymptotic expansion of at roots of unity. In Proposition 15.31 and in Proposition 15.51 we 
have found asymptotic Taylor expansions for 



T-l 
2 



respectively. Combining these results leads to an asymptotic Taylor expansion for Air yu, e * 

Referring to Proposition 13.21 we can then immediately derive asymptotic formulas for ^e~^^^^^^^ . 
To state our result, we first define the functions 



(22) M}^'{h,k;z) := -i2e 

and 
(23) 



3 Tvi 
12k 



{h-[h]k) 



X 'ih,[-h]k,k)e~^i'-~^) Y <a,b,c){kTrz"^ — 

2a+2b+2c=r 



ky 



2c 



MJ^^{t,l,h,k;z) ■=y-iJ'J^e'Tike ^ 



' lT^-^^--^A\p{tyhr + ^~\p{tyh)\T) + ^^ ^ 



Y UUT,t,l,h,k) 



1=0 



Y ^* («, ft, c)z~'^-''~\kTf (f ) ' n,,T (ar,t (/, ^) , y , ^ , A;; z) . 

2a+{2b+l)+c=r 
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Now, Proposition 15.31 and Proposition 15.51 and imply that 

oo oo 



Mt (u, 6^^^+-) = ^ M^^^ih, k; + E^ih, k; 



z 



r=0 r=0 



T-i fcy _i T-i 

oo 2 

(2TTirY 



E E E <'''(*'^'^'^;^)^ + E E E:j^''it,i,h,k;z) 

r=0^^_T^ 1=0 r=Of^ T-i 



ti^O t^O 



with certain functions El^^,El^^ . In the variable z, the functions M^^ , MJ^^^ , EJ^'^ , and EJ^^ are 
functions on iH with values in C. The error terms E!j^^ and El^^ satisfy the bounds 

\E^''(h,k;z)\ <T |z|-ieTffe^^(^)(^-^), 
(24) I J V /I -1 I I 

and 

|4'^(t,/i,A:;z)| «,,T A;^|z|-ie-f(w-l^)Ml), 
^^^^ \E^^''it,h,k-z)\ «,,rA;i|z|--+5e-f(*-i^)Mi). 

This implies the following result: 

Proposition 5.6. Let T > be an odd integer and suppose that h, k, and z satisfy the usual conditions. 
Furthermore, suppose that Re (i) > |. Then, we have 

/feY_, \ 
2 IT 

J 



ie^^h+i')\ = M^^'ih, k- z) + E^^f'ih, k-z)+ \Y MJj^^it, I, h, k; z) + E'^"{t, I, h, k; 



t-.Zizi \ 1=0 

^~ 2 



where the error terms can be asymptotically bounded as in ^24^ and i25\). 



6. The Circle Method 

We are now in the position to apply the Circle Method. This is a classical method and a detailed 
explanation can be found for example in [HW08J . For our purpose we stick closely to the general setup 
of |BMllj (again a more detailed exposition can be found also in the author's PhD thesis |Wall2| ). We 
consider the g-series 

oo 
n=0 

By Cauchy's Theorem, we have 

where P is a simple counterclockwise oriented loop in the unit circle around the origin. Choosing an 
explicit parametrization of such a loop (depending on n), we have 
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Now we set := [\/n\ and let ^ < ^ < ^ be adjacent Farey fractions in the Farey sequence of order 

N. If we define F/j^^ to be the arc parameterized by t i— >• e~~"''^'^** for t between ^j^^ and then 
the arcs Th,k niake up the entire circle. We find 



° 0<h<k<N-^^h,k 

{h,k)=l 



Substituting t by + ^ in each integral over Th,k and using the abbreviation z = ^ — ik(p, we may write 
(1261) as 



{/i,fc)=l 

where -i?;;. := -fc^^^ and d^^^ := ^khk)■ 

Now the variable z is in the range where we can use the asymptotic formulas for ^e"^'*^*^-' 
coming from Proposition 15.61 Hence, we can evaluate (|27|) by computing the integrals 

iS" f-d" 

M^^{h,k-z)e~d(t), I M^^^ {t,l, h, k; z)e~ d(j), 

'^h,k ^h,k 

and bounding the error integrals 

i"d" 



/h,h livnz r h,k tj 

E'^^{h,k;z)e — d(j), / E^^{t,h,k; 



2-!V7lZ 

z)e k I 



6.1. The integral over Mp^. Ignoring the factors of M^^{h,k; z) which do not depend on z, we 
observe that in order to compute 

^ , , 27rnz 

M^'''(/i,A;;z)e— # 
we are led to evaluate the integral 

/■d" 
h.k T /_ 1 \ 1 „ 9„ 27rnz , , 

In [Leh64j . Lehner has shown how to evaluate this integral. We briefly outline Lehner's method, since 

T H 

we will proceed along similar lines when computing the integral involving Af^' . Consider 



(29) / z'^eT 



where 5 and /3 > are rational numbers and d G ^ + Z. We symmetrize the range of integration and 
return to the variable z through the change of variables ^ = ^ ~ ^- This shows that (j29p is equal to 

k I k,± k I k_± 

■n^ N n N 

plus an error term. After that, we again extend the range of integration to a contour F according to 
the following diagram in a counterclockwise manner. 
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k I i 

~ " ^ N 



r+ 



k 

h 



AT 



This again introduces an error term. It is possible to estimate all occurring error terms and show that 
they are bounded by ^^^(^)l'^l . Now the integral over the contour in the picture above can be recognized 
as the Schlafli-representation of the modified Bessel function. Indeed, according to [Wat95j . page 181, 
we have that 



for any x G 



27rz jy 

and 1/ G C. Thus, the change of variables z i— )• 



dz 



kz 



r(2n+<5) 



yields 



Lemma 6.1. Let n, k be positive integers and 6 and (3 > be rational numbers and d € h +1^. Then, 



d — 
z e k 



6.2. The integral over M^' . In order to evaluate 



27r 



(2n + 5)- 



1+1 d+l 



d-l 



1 



K,k 



M^^{t,l,h,k;z)e'^ 



we will pursue the same approach as for M^^, i.e., we will modify the integral at the cost of introducing 
error terms until we can relate it to a modified Bessel function (in fact to an integral over a modified 
Bessel function). 

If we replaced Mf^{t,l,h,k;z) by the definition as in (i23]l . we would have to carry along a lot of 
notation. Instead we first consider an integral of the following general form 



(30) 



rfeT(2«+5)e^?^,,r(a, 7, Q, k; z)d<l). 



h,k 



However, aiming at our later application we will put some restrictions on the parameters that will later 
be satisfied automatically. We will assume that a, (3,^,6, g are rational numbers, with \a\ < ^ and 



\g\ < 2 , a is a positive integer and c is an integer satisfying c < r for some fixed integer r, and d G 2 
We will abbreviate these properties by saying that a, /3, 7, 5, g, c, and d satisfy the "usual conditions". 

Furthermore, in the application later the variables a, (3,^,5, g can only attain finitely many values 
for fixed T. Furthermore, for fixed r, also the variables c and d can only attain finitely many values. 
This implies that whenever there are error terms occurring which depend on a, /3, 7, 5, g, c, or d, we can 
transform these into error terms which may be bounded solely in terms of T and r. 

If one carries out our analysis in the context of |BMR12] . i.e. assuming that T = 1 or T = 3, then 
the integrals in (j30p will only occur for /? < 0. We first show that these integrals are small and can be 
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put into the error term. We give a full proof of this fact, and all will omit further proofs in the following 
which proceed along the same lines. 

Lemma 6.2. Let T > he an odd integer and r > an even integer and suppose that a, f3, 7, 5, g, c, 
d, h, and k satisfy the usual conditions. Further suppose that /3 < 0. Then 



'h.k 



1 /n\MI 



Proof. Taking absolute values, we see that ([30]) is bounded by 

\z\V-^^'-^'^e'^M^^)\n.,T{a,^,g,k-z)\ 



We symmetrize the range of integration using that — < — i?'^ ^ and "O'l^ f. < • Then, we perform the 
change of variables = t ~ n- Thus, we obtain that (pO]l is bounded by 



(31) 



1 f n N 



k /i I J_ 



|,^^(2.+.)^£^Re(i) |^^^^(^^ ^. ^)|^^_ 



We now parameterize the range of integration by z 



n N 



i with i G [-1,1]- We find that \z\ 



4 + m^^- Hence 



n 



Furthermore, we have Re(z) = ^ and, hence. Re (^) = ^^p^ > ^. Using this and |a| < ^, \q\ < ^ we 
may show that 

\'Hc,T{a,-f,Q,k;z)\ <^c,T 1 <r,T 1- 

Plugging this into ()3ip and using /3 < 0, we see that (|3ip is essentially bounded (with an error term 
depending on r and T) by 

d 

07V n 





k i 
r n N 


k 




N 


n 



EHfOnA-fi) £21-2., 1 /n\MI 

e-k^^^'^+^>e~2kdz <^r,T -r-p= ( 7 ) 



□ 



Now we turn to the case /3 > 0. Our first goal is to replace the term e'i^'Hc^Tyoi, 7, Q, k; z) in (I30p by 
an expression which can be integrated more easily. Of course this will be only possible by introducing 
an extra error term. 

Proposition 6.3. Let T > be an odd integer and r > an even integer and suppose that a, /3, 7, 5, g, 
c, d, h, and k satisfy the usual conditions. Suppose further that (3 > 0, z satisfies the usual conditions, 
and, additionally, that Re (i) > |. Then, we have 



ek.nc,T{a,J,g,k;z) = j (^^x + ig^ 



kz 



cosh ( vr (^-^p^; + ig 



dx + Ea,l3,'y,e,c,Tiz), 



where Ea^i3,-y,g,c,T{z) is a function which is bounded independently of z by a constant E^^t depending 
only on r and T. 
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Proof. We write 



-2lT2i 2T7xa 

ek.'Hc,T[a,j,g,k;z) = ek^ [x + ig) — — - — — — - 

7k cosh(7r(x + 



dx. 



We see that the quaUtative behavior of the integrand (with respect to z) changes when the sign in 



7^ kz 



the exponent of e e 
substitution x i— >• "^^2;, which yields 



changes. This happens at /3 



-^x^. This in turn leads us to make the 



e'^kl'Hc,T{o!,^,g,k;z) = ^^^^ f (^^x + ig 



cosh 



dx. 



y^x + ig^ 

We now split the integral into = + J^i + /^°°- The middle part becomes exactly the term in the 
statement of this proposition, while the other two integrals form an error term. Indeed, we have 



(^x + ig 
1 ^ coshf7r(^ 



x + ig 



dx 



< 



because 



kz 



v^7 



< e 



x + ig 



2TT^aX 

e ^ 



cosh ( TT (^^^^x + ig 



dx, 



< 1. 



The remaining integral is independent of z. Using a similar reasoning in the case /_ ^ , we finish the 
proof of the proposition. □ 

Plugging the result of Proposition 16.31 into (f30]l . we obtain that 



^1 



(32) 



cosh ( vr ( -^p^a; + ig 



■dx + Ea,/3,^,p,c,T{z) d4>. 



We split this integral and evaluate the main term and the error term separately. Proceeding analogously 
to Lemma 16.21 one proves that the contribution from the error term is indeed small: 

Lemma 6.4. Let T > he an odd integer and r > an even integer and suppose that a, f3, 7, 5, g, c, 
d, h, and k satisfy the usual conditions and suppose f3 > 0. Then, 



1 /n\\d\ 



We next consider 



(33) 



K,k 



^ I J coshf7r(^ 



x + ig 



dx d(j), 



(34) A / / i^Xx + ief —dxd<l>, 
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which is the main part of (j32]) . We first rewrite ([331) as 

kz 

-Q'^^ J -I cosh (vr (Ax + i^))) 

where A := In order to evaluate this integral we combine Lehner's approach |Leh64j . which we 

sketched in the previous section, with work of Bringmann |Bri08] and Bringmann and Mahlburg [BMll] 
where similar integrals were considered. First, we symmetrize the range of integral in (|34p : 

i5" f— f— />-i5' 

h,k I kN I kN I h,k 



kN h,k kN 



Again it is rather easy to bound the second and the third integral and see that their contribution is 
small and will form part of the error term later. 

Lemma 6.5. Let T > he an odd integer and r > an even integer and suppose that a, f3, j, 5, g, c, 
d, h, and k satisfy the usual conditions. Suppose that j3 > 0. Then, we have 

X z^e'' Ax + igf dxdcj) <.r,T ^ r 

J^" 7_i cosli (tt (Ax + z^jj ky/n \k/ 



and 



Now we consider the main term contribution of (|34|) after symmetrization. We rewrite this integral 
using = I - 1. 



(35) 



-TKr /"l o h ^-+2TT\aX 

I ,d^--ii2n+S)^^^^-^y e ^^^^ 

I cosh (vr (Ax + igj) 



_i cosh (vr (Ax + i£»)) I kjk 



n N 



Our first goal is to compute the inner integral on the right hand side of (j35p . In order to do that we 
extend the range of integration as given in the diagram on page [T71 Note that we have to slit the plane 
because z'^ is a multi-valued function. On this slitted plane we use the principal branch of the logarithm. 
We now prove that the contribution from all the additional paths is small. 



6.2.1. The contours and F^ . 

Lemma 6.6. Uniformly for all x £ [—1, 1], we have 

<T 1- 



4 r TTfi(l-x'^) 



k 



The same is true for the integral over F 
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Proof. In the range of integration one has \z\ < , Re (z) < - and Re (- 
that 



1\ _ Rc(2) 



< 



l^ldgf (2n+5)Re{2)g^^%^Re(i)^^ < 



n 



T-pT- < k. We conclude 



This integral can be bounded by a constant only depending on T uniformly in x. 

6.2.2. The contours andT~. 

Lemma 6.7. Uniformly for all x G [—1, 1], we have 



□ 



Tvf3( 



k r+ 



The same estimate holds for the integral over . 



1 /n\\d\ 

ik) 



Proof. Here, in the range of integration, we have \z\'^ < (f )''^'. Of course, the real parts of both z and 
- are negative on T^. Hence, we obtain 



k r+ 



1 

< - 

- k 



|,|.,|(2n+.)Re(.)^^^Re(i)^^<<^^ 1 /"V" 



<i 



<i 



k^/n \kJ 



□ 



6.2.3. The contours r+ and T^. 

Lemma 6.8. Uniformly for all x G [—1, 1], we have 



■Kpi l-x'^\ 



1 /n\\A 



The same estimate holds for the integral over 
Proof. We find 



log2g^(2n+5) 



7r;3(l-3:^) 

e fcz dz. 



and, similarly. 



2'jTid 



In either case it remains to bound 
(36) 

Substituting z i— )• — ^, we find that ([36]) is bounded by 



I |-d-2g-|(2n+g)Re(i)g 



d-'^-2e-^(^"+'^)e ^ ' dz. 
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Using that x S [—1, 1] and that z G M"*" in the range of integration, we see that e * < 1. Thus, 
(j36|) is bounded by 

JV 





Now we distinguish two cases. If — d — 2 < 0, then we see that the function 

is bounded for z G by a constant depending on d. Furthermore, the function z i— )• e"^^^"'""'^-' 
is monotonicahy increasing in z. Thus, it attains its maximal value at the boundary at ^, namely 
g-#(2".-i) ^ ^ j^g^y j^Q^ assume that — d— 2 > 0. In this case the function z i-> |2;|~'^~2g-;^{2n+(5) 

k 



is monotonically increasing and we may again evaluate at x-, in which case the integral is bounded by 



N\-''' 1 /-xl\-M/2-1^2_ 



k J ^Jn \k. 

Using the fact that \d\ > 2, completes the proof of the lemma. □ 
6.2.4. Schldfli's integral and the evaluation. Combining Lemmas 16.71 16.61 and 16.81 we see that 

' /" " A^(2n+^)e^i^d. = -f z''e'^('-^'^e^^dz + ETsp{d,k,n;x), 
k J !l-± k Jy 

TL N 

where the error term satisfies 

1 / Tl \ Ml 

\ET,sAd,k,n;x)\ <^d,T [j-j 

uniformly for all x G [— 1, 1]. As in Lemma l6.lt we use the Schlafi integral representation given on page 
181 of |Wat95] to see that 



-- / ^^e^i^«+o)g ' dz = —{2n + 6)- — p— [l-x') ^ I^d-i ^ ' t 

k Jr k 

Inserting this into ()35p . we obtain 

Cttt /"l ^ ^ -—2-K\ax 

X ^^e¥(2n+^)(Ax + i^r^— ^- -dxd^ 

I cosh (tt (Ax + zgj) 



1 

kN 



4 cosh (vr (Ax + j k 
^ {Xx + igf e^''^""' 



1 (^W^^Ep^^ 



{Xx + ioTe^^ 
+ X — — -—-ET,5,i3[d,k,n;x)dx. 
J_i cosh (tt (Ax + 



Finally, one shows that the last summand is again of the size of the error terms, which we obtained so 
far. This allows us now to give the final formula for (j30p . In order to state our result more succinctly, 
we introduce the abbreviation 



1 



/OVA T f \ f" \VT^^^^) ^ ^ (, 2\^ T ( 2^^ p{l-x2){2n+5) \ ^ 

(37) ZT;a,i3,s,Q\c,d,k]n) := / ^ . . ' vT ~ ^ ) ^-d-i k 

J-1 cosh ( IT (^x + igj] V / 

Then, combining Lemma 16.41 16. 5| 16.61 16.71 and 16.81 we obtain the following expression for (j30p : 
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Proposition 6.9. Let T > be an odd integer, r > an even integer and suppose that a, f3, 7, 6, g, 
c, d, h, and k satisfy the usual conditions. Further suppose that /3 > 0. Then 

'H'^e^i^-^'^e^n.,T{a,^,g,k;z)d^ = ^(2n+<5)-^/3l+%;„,,,,,,(c, d, fc; n) + 0.,^ {^f^' 



6.3. Integrating the errors. Our last task in this section will be to bound the integrals 



E!^^ {t, h, k; z)e 



27vnz 

k I 



and 



El^^{h, k; z)e fc 1 



We see that at this point we have to put a restriction on T. 

Lemma 6.10. Let h,k satisfy the usual conditions. Suppose that < T < 27 is an odd integer. Then, 



Erj^ [t,l,h,k; z)e fc ( 



■^T nk and 



Er^ [t,l,h,k; z)e fc 1 



<.rT n ^k 2 2 . 



Proof. We only treat the case r > 2, and r = 2 is proven similarly. Using Proposition 15. 6^ taking 
absolute values and extending the range of integration, we see that 



El^^ {t, I, h, k; z)e 



2'Knz 

k I 



'h.k 



k_ i_ 

n N 



k'Az\ ^"^^e kilr i2)^^i z)dz. 



As in Lemma 16.21 we observe that in the given range of integration we have Re (z) = ^ and Re (i) 
— ^- If < T < 27, the sign in the exponent is negative. Hence, we obtain 



Erji [t,l,h,k; z)e fc 



'h,k 



k . k 



k_ i_ 

" 1 L \ h i-rH 

k2 p 

I n I 



2 e V 4T 12 ) 2 dz 



rT n k 2 2 . 



□ 



Lemma 6.11. Let h,k satisfy the usual conditions. Suppose that < T < 24 is an odd integer. Then, 

<^T nk~^ and 



K.k 



E^^'{h,k;z)e^ 



Ej,''{h,k;z)e— 



<^r.T A; 2 2 . 



7. Proof of the main theorems 
7.1. Proof of Theorem A. Recall that (ETI) states that 



h<k- 
h,k)= 

Furthermore, recall the representation 



2ninh I h^k 



e k 



0<h<k<N 
{h,k)=l 



e 



2nTiz 

e k , 



1 



ky_ 



(|e^('^+^^)) = M^^'ih, k; z) + k;z)+ ^ M^'^(t, I, h, k; z) + E^^^ {t, I, h, k; . 



y 1=0 



given in Proposition 15. 6[ Combining these equations with the integral evaluations and estimates from 
the previous section, we now derive the asymptotic formula for mTp{n) as given in Theorem A. We treat 
the contributions coming from MJ^^, , E^^, and El^^ separately. 
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To describe the contribution coming from MJ^^, we require the Kloosterman sum 
(38) K,in)■.= -^l e-^e^^^^I^l'^V^ fc) . 

0<h<k 
{h,k)=l 

Proposition 7.1. We have 



E27Tinh f f I, , , 27m; 

e — / M'j:^{h,k;z)e— 



0<h<k<N 
{h,k)=l 

fc<01 2a+26+2c=r 

Proof. Using (j22p . we see that the contribution coming from Af^'^ is given by 

0<h<k<N •'-'^'h,k 0<h<k<N 

{h,k)=l {h,k)=l 



■^a+zo+zc=r ''^'h,k 

Using Lemma [6. II and the definition of the Kloosterman sum, we immediately obtain the main term. 
Hence, we are left with estimating the error term. After taking absolute values and using Lemma |6. 11 
we see that the error term is essentially bounded (in terms of r and T) by 

^a 1 /ra\|i-"-2c| ^|i_„„2c|-i,a-|i-a-2c| 



-a-2c. 



0</i.<A:<Ar 2a+2b+2c=T- ^ k<N 2a+2b+2c=r 

(h,k)=l 

We distinguish the contributions to the error term coming from two subcases. Either a = b = and 
2c = r, and, hence, 



-r\ 



In this case, the contribution to the error term is Or^xin"^ In the other case we find 

^|i_a-2c|-i^a-|i-a-2c| <^r-2^i_ 

Hence, the contribution to the error term is of size 

^ nl^"-2H-ifc"-|^"-2c| ^^^^ J2 « n'-^m « n'-\ 

k<N k<N 



□ 



We next consider 



T-l ky -I 



ft". re ^ — ^ ^ — ^ ^. TJ , ^ 'livn: 

Y MJ^''{t,l,h,k■z)e — 
{h,k)=l t-^o' 
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T H 

which is the contribution for m'lj,{n) coming from Mj.' . We define the partial Kloosterman sum 
(39) K,,,,i;fc(n) := ^ e-'-^UMT,t,l,h,k). 

0<h<k 
{h,k)=l 

Now we proceed as before in the case of M^'^ and use the integral evaluations from the previous section 
and bound the occurring error terms. Then, our result can be stated as follows: 

Proposition 7.2. We find that 

1 



T-l ky 



27vnz 

z)e fc I 



0<h<k<N 
(h,k)=l 



T-l T-l 
2 2 



E E EE 

a\T t=-^^ P=-'^-^ 0<k<N 1=0 



Ka,(,,l;k{n) 



(fc,T)=cr 



K*{a,b,c)k^-'2T^-^a'+^2n- 

2a+{2b+l)+c=r 



+£_ 1 
2 4 



Here, E^^Tin) is an error term. If r = 2, then the error term has the magnitude Ot (nlogn), whereas 
it is of order Or,T {n"^'^) if r > 2. 



Finally, we use Lemmas 16.101 and 16.111 to prove the following bounds on the error terms. 
Lemma 7.3. Let < T < 24 be an odd integer. Then 



E 



2-Kinh 

e k 



T-l 
2 

E 



0<h<k<N 
(h,k)=l 



{t, I, h, k; z)d(f> 



T-l " -"h,k 



-^r,T n log n. 



and, for r > 2, we have 



E 



2'Kinh 

e k 



T-l 
2 



E 



0<h<k<N 
(h,k)=l 



EJ^^ [t, I, h, k; z)d(j) <^r,T n 



r-l 



T-l ^ -'^h,k 



Furthermore, for all r >2 even, we have 



E 



27V in h I 



e fe 



0<h<k<N 
{h,k)=l 



Er^ [h, k; z)d(j) <^r,T n 



r-l 



Proof of Theorem A. Proposition 17.11 Proposition 17.21 and Lemma 17.31 prove Theorem A. 



□ 
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7.2. Proof of Theorem B. We now want to identify the leading term in Theorem A. For this purpose 
we have to find asymptotic expressions for both the modified Bessel functions and the integrals over 
modified Bessel functions appearing in Theorem A. In fact, it will turn out that the contributions 
coming from the integrals over the modified Bessel functions are smaller than those of the modified 
Bessel functions themselves. Thus, we only have to find a precise description of the former and bound 
the latter. The key ingredient for both parts is the following well-known approximation of the Bessel 
function which follows from |OLBC10] 10.40(i). As y — )• oo, we have 

(40) ^„(,) = _Jj + 0(rte.). 

Proposition 7.4. Let T < 24 be an odd integer and r an even integer. Then, we have 

^^-^•^ k<y^ 2a+2b+2c=r 



2\/3(-l)2Sr (i) (24n)2"^e V 3 + 0^,t ( n^" 2 g^V 3 J 



Proof. Equation (|40p easily implies that the arguments of the modified Bessel functions play the decisive 
role with regards to the asymptotic behavior of (j4ip . We see that the leading contribution must come 
from k = 1. All terms coming from k > 1 are even exponentially smaller than the error term in the 
k = 1 approximation for the modified Bessel function. As a result we can omit all these terms and place 
them in the error term. By (I40p we obtain 



Furthermore, observe that (24n — 1) 4+2+*^ is maximized if 2c = r. In this case we obtain the 

3 r 

expression (24?7- — l)~4 + 2. The next smaller term comes from 2a = 2 and 2c = r — 2, in this case 
we obtain (24n — l)~4 + 2~2. This summand and all others corresponding to the possible choices of 
a,b,c will also contribute to the error term with a size smaller than the error term coming from the 
approximation of the modified Bessel function itself. Bounding ^(a, b, c) by a constant depending on r 
and T, we find that 



E <a, b, c)T%2An - 

2a+2b+2c=r 



(0, 0, §) (24n)i-ie"V^ + 0.,t fni-fe"^ 



vr 



Observing that Ki{n) = 1 and k (0,0, = {—Vj'iBf (0, we conclude the proof of this proposition. 

□ 



As a next step we need to find an asymptotic bound for the function 

T;aT,t(^,-j,T2-^V^' + — -i2.# 

which appears in Theorem A. For simplicity we treat the general case. Recall the definition ([31 

Proposition 7.5. Let T > be an odd integer and r > an even integer and suppose that a, (3, 5, g, 
c, d, h, and k satisfy the usual conditions. Further suppose that (3 > and d + I < 0. Then, we have 



/ d I 1 27rv22rTN 

^T;a,i3,sA'^^ d,k;n) = Or,T ( n 2 ^ 4 e fc 1 . 
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Proof. In order to find the bounds for X, we cannot simply plug in the approximation for the modified 
Bessel function (as in (j40]l ) into equation (f37l) and then estimate the resulting integral. This is due to 
the fact that the approximation in (I40p only gives reasonable bounds for sufficiently large y. However, 
as ?/ — )■ 0, the function luiu) decays if z/ > 0. This is not accounted for in (jiOl) . 

For that reason we split the integral for 'lT]a,i3,s,g{c, d, k; n) according to whether the argument of the 
modified Bessel function in (]37p is smaller or bigger than 1. We abbreviate the corresponding integrals 
as J^-^ and J^^. Using the approximation for the modified Bessel function (j40p we find 



>i 



d I 1 2Tr^PTa 



For the other case f^^ we use [QLBCIO ] 10.30(i), to find that I,y{y) ~ r{i}+i) 
approximation of the modified Bessel function, one can easily show that 



as y — )• 0. Using this 



<i 



d+l 



□ 



Proof of Theorem B. We only show the first assertion. The second one can be dealt with similarly. 

First, we observe that term appearing in the statement of Theorem B is exactly the leading term in 
Proposition 17.41 Hence, it suffices to show that all contributions in Theorem A involving the functions 



12 ' T 



a + c 27rV/32n 

are small. Indeed, looking at the result of Proposition 17.51 we see that (|42]) is bounded by n 2 e fc , 
where 

fi--=h-w{e' + ^-\Q\T). 

Hence, by Proposition 17.41 we see that ()42p is smaller than the error term appearing in Proposition 17.41 
if we can show that f3 < j^. This is equivalent to showing that ^ (g^ + ^ — l^l^j > 0- To see that 



this is indeed true, first observe that \g\ < ■^-y^- In this range the function Q g'^ — \q\T + attains 

□ 



its minimum at the boundary g 



.r-i 



with value (^^)' 



T-l rp I 

2 "I" 4 



References 

[AB05] G. Andrews and B. Berndt. Ramanujan's lost notebook. I. Springer, 2005. 

[AG88] G. Andrews and F. Garvan. Dyson's crank of a partition. Bull. Am. Math. Soc, New Ser., 18(2):167-171, 1988. 
[AG03] A. O. L. Atkin and F. Garvan. Relations between the ranks and cranks of partitions. Ramanujan J., 7(l-3):343- 
366, 2003. 

[And08] G. Andrews. The number of smallest parts in the partitions of n. J. Reine Angew. Math., 624:133-142, 2008. 
[ASD54] A.O.L. Atkin and P. Swinnerton-Dyer. Some properties of partitions. Proc. Land. Math. Soc, 1954. 
[BFll] K. Bringmann and A. Folsom. On the asymptotic behavior of Kac-Wakimoto characters, preprint, 2011. 
[BM09] K. Bringmann and K. Mahlburg. Inequalities between ranks and cranks. Proc. Am. Math. Soc., 137(8) :2567- 
2574, 2009. 

[BMll] K. Bringmann and K. Mahlburg. An extension of the Hardy- Ramanujan Circle Method and applications to 

partitions without sequences. American Journal of Math, 133:1151-1178, 2011. 
[BMRll] K. Bringmann, K. Mahlburg, and R. Rhoades. Asymptotics for rank and crank moments. Bull. Land. Math. 

Soc, 43(4):661-672, 2011. 

[BMR12] K. Bringmann, K. Mahlburg, and R. Rhoades. Taylor CoefBcients of Mock-Jacobi Forms and Moments of 

Partition Statistics, preprint, 2012. 
[BRIO] K. Bringmann and O. Richter. Zagier-type dualities and lifting maps for harmonic Maass-Jacobi forms. Adv. 

Math., 225(4):2298-2315, 2010. 



28 



MATTHIAS WALDHERR 



[BriOS] K. Bringmann. On the explicit construction of higher deformations of partition statistics. Duke Math. Journal, 
144:195-233, 2008. 

[DY12] A. Dixit and A. J. Yee. Generalized higher order spt-functions. preprint, 2012. 
[Dys44] F. Dyson. Some guesses in the theory of partitions. Eureka, 8:10-15, 1944. 

[EZ85] M. Eichler and D. Zagicr. The theory of Jacobi forms. Birkhi'j.iuscr, 1985. 

[Gar94] F. Garvan. Generalizations of Dyson's rank and non- Rogers- Ramanujan partitions. Manuscnpta Math., 84(3- 
4):343-359, 1994. 

[GarlO] F. Garvan. Congruences for Andrews' smallest parts partition function and new congruences for Dyson's rank. 
Int. J. Number Theory, 6(2):281-309, 2010. 

[Garll] F. Garvan. Higher order spt-functions. Higher order spt-functions, 228:241-265, 2011. 

[HW08] G.H. Hardy and E.M. Wright. An introduction to the theory of numbers. Oxford University Press, 2008. 

[Leh64] J. Lchncr. On automorphic forms of negative dimension. III. J. Math., 8:395-407, 1964. 

[OLBCIO] F. (ed.) Olver, D. (ed.) Lozier, R. (ed.) Boisvert, and C. (ed.) Clark. NIST handbook of mathematical functions. 

Cambridge University Press, 2010. 
[Wall2] M. Waldherr. Arithmetic and Asymptotic Properties of Mock Theta Functions and Moke Jacobi Forms. PhD 

thesis, April 2012. 

[Wat95] G.N. Watson. A treatise on the theory of Bessel functions. 2nd ed. Cambridge University Press., 1995. 
[ZaglO] D. Zagier. Ramanujan's mock theta functions and their applications (after Zwegers and Ono-Bringmann). 

Asterisque, Seminaire Bourbaki Exp. 986, 326:143-164, 2010. 
[Zwe02] S. Zwcgcrs. Mock Theta Functions. PhD thesis, Jul 2002. 
[ZwelO] S. Zwegers. Multivariable appell functions, 2010. 



Mathematical Institute, University of Cologne, Weyertal 86-90, 50931 Cologne, Germany 
E-mail address: mwaldher@matli.uni-koeln.de 



